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The validity of macroscopic models in the limit of large mean-free path is examined by solving a
one-dimensional model equation, where the term vV f; is retained in the kinetic equation. A
standard thirteen-moments approximation yields accurate results in all collisionality regimes if the
fluid velocity is sufficiently small. In contrast, the Chapman-Enskog scheme is only accurate in the

collision-dominated regime.

1. Introduction

The gross macroscopic properties of laboratory
plasmas relating to equilibrium, stability and trans-
port are of special interest. Tokamak transport and
confinement are major concerns of theory. A new ap-
proach taking flows consistently into account was re-
cently presented by Weitzner and Kerner [1]. In this
model the Grad-Liist-Schliiter-Shafranov equilibrium
relation for tokamaks

A =—4n(? p ) + 1Y) I' W),

relating the poloidal flux v, the pressure p = p(y) and
the poloidal current profile I = I (), is generalized to
include a pressure tensor as well as small but finite
mass flow. The density, pressure and flow profiles are
then no longer surface quantities but vary on a flux
surface poloidally up to the order of the inverse aspect
ratio. This anisotropy is sustained by transport which
can be compatible with the observed magnitude. Nat-
urally there exist numerous extensions of the standard
ideal MHD theory, such as the Braginskii model [2],
the moment approaches of Grad [3] and Schliiter [4],
the double-adiabatic theory [S] or the neoclassical
MHD model of Callen et al. [6].

Since relevant tokamak devices operate in regimes
with large mean-free path, the validity of macroscopic
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models is discussed here, particularly with respect to
collisionality. It is recalled that the fluid description
yields a set of equations in configuration space for the
velocity moments of increasing order obtained from
the appropriate kinetic equation. This infinite chain of
equations is terminated by introducing specific clo-
sure schemes. Since the Larmor radius is small com-
pared to the plasma radius, the validity of macro-
scopic models need only be discussed in the direction
parallel to the magnetic field. When the mean-free
path length [, is smaller than the connection length [,
the collision-dominated fluid regime applies. How-
ever, we shall prove the extension of fluid models for
large collision times. Assuming that the distribution
function is close to a local Maxwellian, we apply
Grad’s moment approach [3]. By solving a one-di-
mensional model equation in the parallel direction
exactly we can discuss the accuracy of Grad’s moment
method, which for the one-dimensional case coincides
with Schliiter’s method, and compare it with the usual
Chapman-Enskog scheme. It is noted that the effect of
trapped particles is not included in this model.

2. Model Equation

Following the standard derivation of macroscopic
models we begin with the Boltzmann equation for the
single-particle distribution function f = f (r, v, ?):

of
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where m - F is the force and the right-hand side is the
collision operator. If the collision operator is simpli-
fied to —(f — f,)/z, where 7 is the average collision
time, the kinetic equation assumes for f = f;, + f, the
form of the Krook model

2—{+v-l7f+F-Vl_f=—f1/r. (2)
In the Chapman-Enskog expansion the terms con-
taining f; on the left-hand side are dropped. However,
the term v - ¥ can become as large as 1/t when the scale
length of the variation becomes comparable to the
mean-free path (Lackner [7]). It is an essential point of
Grad’s and Schliiter’s moment approach that this
term is automatically included. It is noted that the
collision operator in (2) does not conserve mass, mo-
mentum and energy. This is easily improved, however,
by adding appropriate constants. For example, the

form
§
<§>:—fﬁ+MnWAwm

—1
=—Lh+17~h, 3)

where n(r, t) = j fd3 and 1= _f fod3v, trivially

conserves mass. In 8] a representatlon in which mass,
momentum and energy is conserved, is given. Since
the objective of the paper is to study the validity of
different fluid models with respect to collisionality, but
not specific applications, it is sufficient to treat the
collision operator in the simple form of (2).

On the assumption of steady state and zero-force
term the problem assumes the form

vVfot+ fi)=— N/ 4

It is emphasized that this equation still contains the
critical term v+ V f, and therefore allows to discuss the
validity of the moment approach with respect to colli-
sionality. Further simplifications are made in order to
make the model tractable for complete analytical so-
lution. The problem is therefore reduced to one di-
mension. Then f, is given by a local Maxwellian
with inhomogeneous flow u(x):

Jo=1/)/2mv}, exp{— 1/2 <l~ —l‘“('\f))} (5)
th

The problem may be further simplified by introducing
a typical wave vector k for the variation of f, with
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respect to x; i.e. by replacing V f; by ik f;, which

yields the following model equation:

of

(ikrl‘+1)f1=—ru—f—0. (6)
Ox

The velocities from here on are normalized to the

thermal velocity and the length x to the scale length

k~!. Then the collision time t is replaced by 7, and in

these units the model equation assumes the form

(i',r'v+1)f1=—‘,'v(v—u)a—ufo. (6b)

Ox
The dimensionless parameter y = k 7 vy, is the ratio of
[, to the typical plasma length. For y =1 the mean-free
path [ is equal to the scale length k= which in a
tokamak would be given by the connection length ..
It is assumed that the confinement time is long enough
to allow some (not necessarily very many!) collisions
for relaxation towards a Maxwellian distribution
function. The velocity u is restricted in the collisionless
limit such that 7 - u is bounded, i.e. ljm ly-ul < K <oo.
This implies that the distance u(t vy) has to be
smaller than the product of K and the scale length
k=1,

The exact solution of (6) is obvious. Grad’s and
Schliiter’s moment methods consist in expanding f; in
Hermite polynomials with the argument at the shifted
velocity:

fi=—f Ou yv(v—u)
°dx 1+iyv
Ou =~ 1
=fo-1 2 QnﬁHe"(L‘—u(-\‘))- (7)
0x n=o0  n!

The polynomials He,(x) are associated with the
weight function W (x) = exp(— x?/2) and obey the or-
thogonalization relation

+
[ ¢ 2 He,(x)'H

=

e, (x)dx =0, n!/27, (8)

with the Kronecker symbol 9,,,. The Rodriguez for-
mula yields the following representation for the Her-
mite polynomials:

n

,7::2/2. 8
el (8)

) e %2]2

He,(x) =(—

2
Jo dv exists,

. . i Ou
Since the integral | (v —u)—
—&0 Ox

1+iyv
the expansion (7) for f; converges, see e.g. Batemann
chapter 10.19, [9].
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In the following the exact solution is derived to-
gether with an approximate one obtained by applying
truncation in the expansion (7) and corresponding
equations for the coefficients g,. This allows one to
discuss the accuracy of approximative solutions such
as occur in more realistic problems. The underlying
formulae can be found in [10-11].

i) Exact Solution

Multiplying (7) by He, (v — u) and integrating with
respect to the velocity yields for the coefficients g,:

i iyv
= d
9n \/ﬁ:‘x 01+i7u

where w(x) =0v — u(x).
If the quantity

we "2 He,(w),

E=i/y—u(x) with Im(&)>0

is introduced, it follows that

1, 1
1+t w—cf

and further

vew

1
=w+ify +(i/y) ¢ 5
w—¢

AN

w‘ —
Then g, is given by
In = (l/;y) 6n0 + 5711

i

_f dw He (w) e W2
2w — ¢

By inserting the Rodriguez formula one obtains
i g’ 1
) J2n

+ o 1
. _j‘ldw(—l) r

- (1//)0;.0 + onl g ks

(11)

Integration by parts yields with
d 1 d 1

dww—¢

e \\-32' (12)
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With z = ¢ \5 we define

+* o 1 R
iny(z)= | dw ——e """, (13)

This function is related to the complementary error
function

erfc(z j dre . (14)
When for ¢ with Im (&) > 0 the relation
1 + o o
w—0) (‘E dse itw=9s
is inserted in (13) we obtain
iny(z)=i j dw j ds e~ W/2-iw=9s
=iy/2n (f) dge~s92 i, (13b)

Then the following representation for y(z) is derived:
=22 : (n) dy
y(e)=e¢rerfe(—iz), Y= i y(z). (15)

The derivative with respect to ¢ in (12) is transformed
to a derivative with respect to z. Then the g, are given
by
gn = (i) 8,0 + Opy
¢ 1 ”
V2= Y ).

l

(16)

We differentiate (15) with respect to z, utilize the defi-
nition (14) and obtain directly and by induction

W=y, yN=—2zy@)+ 2i/\/7'c.
YD () + 223" D (z) + 2(n +1) y(2) =0,
n=0,12,.... 17)

Eventually f; is given in the form of (7) with coeffi-
cients ¢,

go=C-yV (2. g1=1+C- &y (),
go=C- (=11 270002 £ (g /D),

for n>2 (18)

with C = V/;/,'Z',' and ¢ =i/y —u(x).
From (7) it is obvious that f; tends to zero if y
approaches zero, i.e. in the collision-dominated limit,

and approaches f, = fo 6 i*(v—u)for y—> o0, ie. in

the collisionless limit. It is easily seen that in the colli-
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sion-dominated limit with 7 — 0 the absolute value of
¢ tends to infinity, || — oo, and the result

lim|g,|/n!'=0 (19a)

70
holds for all values of n.

In the collisionless limit with 7 — o0 but u-y
bounded the absolute value of ¢ tends to zero, |£| — 0.
One then has

lim |gy|=1/y=0, lim |g,|=1, lim |g,|/n!=0. (19b)

Y= ®

Consistent with the convergence of the series expan-
sion (7) is the result for the asymptotic behaviour for
a fixed 7, i.e. for bounded |&],

(19¢)

lim g,/n!—-0.

n— oC

ii) Moment Series Expansion

In most problems only approximate solutions with
a truncated series expansion are possible. The method
consists in deriving first an infinite set of equations for
the coefficients g,, which is then approximated by a
finite set. This set is obtained by truncation, i.e. by
putting all g, = 0 for n > N, where N is typically 3. In
order to investigate the accuracy of this method we
begin again with (6), which is put into the form

1
(1' + _> Si=ivwx) u'(x) fo, (20)

1
<z' + - )fl =iu'(x)(He,(w)+u He, (w) + He,(w)) fo,
iy

when the explicit form of the first three Hermite poly-
nomials is inserted. We multiply this equation by
He,(w) and integrate over v:

+

j, dv He, (w) (& —w) f;

= &

=—iu'(x) (0,0 + u(x) 0,y +26,,). (21)

Here the relation w- He, (w) = He, ,, + nHe,_, is ap-
plied. Inserting the series expansion (7) for f, we ob-
tain the system

Nogyy—C Gy ¥ Gue1 =0p0+udy +20,,,
n=0,1,23,... (22)
with g_, =0.

It is easily verified that the exact solution given
by (18) satisfies the recursion (22). We truncate at
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n= N obtaining N + 1 equations for the unknowns
Jo- 9y»---.gy. The approximate solution is denoted
by g,. The system of N + 1 equations reads

—<¢gotg,=1, (23)
Jo— ¢ g1t gr=u,
2'@1‘5 g2+g3=2,
3 (jz—f g_3+g_4=0
N-gy_1—¢&gy=0

Let D be the determinant of the homogeneous system
and D, the determinant of the system, where the i-th
column is replaced by the right-hand side vector. The

solution ¢; is then given by
gi=D;/Dy. (24)

We expand the determinant D in the elements of the
last row,

Dy=—&Dy_;—N-Dy_,,

and obtain
Dy=Hey,,(—&=(—1)"""Hey,;(§). (25)

The solution for truncation at N =0, 1, 2 and 3 is
easily obtained and reads

go=—1/¢ for N=0, (26a)
1 1+u-é
go=(i/7) =, ;= u; , for N=1
1—-¢&- 1—-¢&-
(26b)
34+u-¢
Go=i/}) =5+ 1= =55 (26¢)
3—-¢- 3-¢&-
- ) 1
g, = (2ify) gi‘éz for N=2,
y 3-¢2 ~ e e
go=/7) 65243 gi=1+<-go, (264)
_ 2&-3, _ 6&-g,
= — = " —, fo N =3.
252 3BT a; '

We now examine the error due to the truncation. The
difference

e, =go—§gn, for n<N (27)

again satisfies the recursion (22) with zeros on the
right-hand side except for the last element being
— gns+ 1. Theerror e, is determined again by (24) when
D, is replaced by the corresponding new determinant
D;. The error due to truncations is now derived for the
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first element g,. The determinant D, is evaluated by
expanding with respect to the elements of the first
column, which yields (—1)¥*2 (= gy, ) Do. The de-
terminant D, is given by the corresponding matrix
where the first row and column are eliminated. This
matrix now has in the first row a unit element, other-
wise zeros. Consequently this determinant has unit
value and we obtain the result

€y = 50/DN =(—1V*! gn+1/Dy

).
=gy+1/Hey (9 (28)

The error for the higher terms §,, §,,... can then
easily be derived from the system of equations for the

én (29)
e;=¢ey, 62:(52‘_1)'90’ 63=(é3_35)'eo'

If truncation occurs for N with N <n the error is
obviously given by

for N <n. (27b)

€p =Yn»

For an overview we again consider various limits.

) -0

In the collision-dominated limit with y — 0 the ab-
solute value of ¢ tends to infinity, || — o0, and one has
gy+qoc &V and Hey,, oc V1, which implies for e,

the result lim |e,| = 0. The same result holds for all the
y—0
e, with n < N. This result is not surprising.

B) y—o o

In the collisionless limit with y— o0 but wu-y
bounded the absolute value of ¢ tends to zero, || — 0.
For the asymptotic behaviour of Hey, , the cases of
even and odd N are distinguished. When N is even, i.e.
N =2M, then Hey ., has the limiting form He,,,,,
=(N+1D)!(=1)M¢E/(M!2M) and hence lim |e,| = 1/y

— 0. When N is odd, i.e. N = 2M — 1, one then has
He,,, = (—1)™ N!/(M! 2™) and hence lim |ey| = |£/7|
=0. i

Let us give up now the condition that |y-u| be
bounded. If y > oo and u is fixed, it follows that
&——u With z = —u//2 it is concluded from (15)
that

+ o0
_v(:):e"‘l‘z\/% [ dse™ (30)
iu/V2

when the relation (14) is inserted. Thus y* has a finite
value and gy, ; o (— u)/y. The error e, then becomes
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large at the zeros of Hey, ,(— u). These zeros occur
for N=1atu,=1,for N=2atu,=1.73,for N =3 at
u,=0.74 and 2.33 and for N=4 at u. = 1.36 and 2.86.
The error e, stays finite and is asymptotically zero
except for certain velocities close to u, given by the
zeros of Hey , ; (— u). Thus we get the surprising result
that except for these special velocities, which are of the
order of the thermal velocity, the error approaches
zero also in the collisionless limit. This might, how-
ever, be a special property of the model considered
here.

y) N — oo with |¢]| bounded

Owing to the convergence of the Hermite polyno-
mial expansion we expect in this limit a vanishing
error. To study the asymptotic behaviour for a fixed y
and large N the relation (13b) is inserted in (12) and
we obtain for the coefficients g, with n > 1

+ a0
go=— M (= iy | dss"e 2,
0

(31)

With the relation

+
\/ﬂ(ﬁglq = f ds g~ Hiss,
= a0

in the Rodriguez formula (9) the following representa-
tion of the Hermite polynomials is derived:

1 +

V2

Then the error ¢, (28), is given in the form

X 5 =E2]2
He, (&) e "

=(=iy

+ o0

| dss e—s2+its

= (EfN. 2w e—82 °
€q = (S//) 2weTs o
[ dsgre izt
—
The integral in the denumerator is rewritten as

+ o0 S + o0
— 2/ N SO | 3
I=(—-1) j dss" e sH27is 4 f ds s" e~sH2tiss
0 0

(33)

where both integrands are of the form

exp(nlns —s?/2 Fiés). (34)

For an approximate evaluation by use of the saddle-

point method the exponent is expanded around its
maximal value, which is given by

(35)

_. 2
so=TFi&24+ /n—E/4,

respectively. The second derivative of the exponent is
— n/s* —1 and has at s = s, the asymptotic value — 2.
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Therefore the value of these integrals is basically deter-
mined by the factor exp(nlns, — s3/2 Fis, ). The
exponent is

Eo=nin(/n-(J1—&/4nFi&2./n)

—E2/4—n2Fié2 Nt £2/4

which for large n becomes

Eox—n2+nln/nFi&/n. (36)
Then we obtain for the error
- eicvn
eo=—(&fy)/2m e 72 (37)

1(,-»:':154_(,.':15'
Since Im¢ = 1/y > 0 it holds with n = N +1 that

: € s VR ET
lim |e0|acwe 22 o (2\,)11\1#1_}0'

Noo )

(38)

Thus, the error ¢, approaches indeed zero for given
7 > 0 and sufficiently large N, as one expects from the
convergence of the Hermite expansion.

iii) Chapman-Enskog Scheme

In the Chapman-Enskog expansion the term
v Vf, «cikvf, is neglected in (6). Then f; is given by

. df,
=—vy—, 39
./1 L / dX ( )
whereas the exact solution is
. vy dfy
=— 39b
h 1+iyv dx ( )

It is easily seen that these expressions agree for small
v but differ for large y. The solution (39) increases as y
but the exact solution becomes bounded.

For comparison, we cast f; into the form of (7) with
the factor (14 i7y)” ! v replaced by 1 and obtain

go=17, ¢g,=iuy, and g,=2iy. (40)

3. Discussion

The physically relevant quantities of the system are
the moments

+ o

Y= | def(v —u(x))

with p=0,1,2 and 3.

x

(41)
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The exact and approximative solutions derived in the
previous section allow one to discuss explicitely the
accuracy up to which these quantities are evaluated.
The explicit form follows from (27) (or (27b), respec-
tively), (28), (29), (18), and (23) together with (15), (17),
and (26b). Let us begin with the density

+ o + o0
ni= | dof=1+ j dwfi=1+iu'{x)g,- 42)

Concerning this quantity it is appropriate to discuss
the accuracy of i = n — 1 with respect to truncation in
the moment series expansion (7). The relative error is
then given by

IN+1

do— 9o .
== eo//go -

EQ)y = s
* 9o Hey, (8- 9o

(43)

In the same fashion the Chapman-Enskog scheme
yields the solution

n—1=—u'(x)y (44)
with a relative error
go— iV
E(O)(‘.E. =20 (45)
Yo

For the first moments, the velocity, we get relative
errors

E(l)y=e;/g;=1.0 for N=0, (46a)
E)y=e,/g, = 2 for N=1, (46b)
91
and
g, —iyu
E(1)cg. = =, (47)
91
respectively.
For the pressure, u = 2, the result is
p=1+iu{go+ g, (48)
with a relative error in p=p —1
EQy=22"92 for N—0Oand1, (9a)
Jdot 9,
EQy= "% for N>2, (49b)
got 9>
and
Bl =1 —— (50)
et dot+ 9,
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The last moment considered is the heat flux ¢, u = 3.
We obtain

qg=+iu'{gs+39,}, (51)
and the relative error is given by
EQB)y=10 for N =0, (52a)
e, +
EQpy=2279 ¢ N—1and2, (52b)
391+ 95
EGly= - for N23 (52¢)
y=—— for >3, c
v 39,1+ 95
and
3iyu
EQ3 =1——. 53
(3)c.k. 9.1 04 (53)

In Table 1 we have collected the formulae of the rela-
tive error of the physical moments when N terms are
kept in the expansion. Clearly, higher moments such
as the heat flux require sufficiently high truncation.

In Figs. 1-4 the errors of the physically relevant
quantities are displayed in dependence of the collision
time. The error in the density /i = n — 1, is shown in
Fig. 1. The absolute value of the error e, defined in
(27) and (28), is displayed in Fig. 1a) for a mean veloc-
ity u = 0.1. If only one moment, namely N = 0, is kept
in (7) and (28), the error vanishes for small y as 1/¢ and
increases with y for large y. This is immediately evi-
dent from the asymptotic limits of (28); it is recalled
that He, (¢) = & For N >1 the error vanishes both for
small and for large y in agreement with the asymptotic
values of the g, discussed above. Clearly, the error
decreases with increasing number of expansion terms.
The behaviour for even and odd values of N is differ-
ent. The dependence of the expansion coefficient g,
with respect to y is also displayed in Figure 1a. It is
emphasized that in the limit y — oo the term g, de-
creases as 1/y. Similar results hold for different values
of the mean velocity u.

Now the relative errors are considered. The abso-
lute value of the relative error in the densityi=n — 1,
given by (42) and (43), is shown in Fig. 1b) for a mean
velocity u = 0.01. If only one moment, namely N =0,
is kept in (7) and (43), the error vanishes for small y as
1/¢ and increases with y for large y. This is again
immediately evident from the asymptotic limits of (43).
For N >1 the error is bounded and decreases for large
v, which is again easily seen from the limit y - o of
(43). Since the quantity g, and its error e, both vanish
for large 7 as 1/y, the relative error E (0)y assumes then
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Table 1. The relative error in the physically relevant quanti-
ties as a function of truncation;

T En+1
c=ily—u(x), eg=—"""—.
Hey.,($)
N n—1w p—1 q
e I o
g =2 . i
9o g>+9o
{ %o f_<e | gs+3e,
9o 91 Y 93+39,
, € & eote, e, H
do 91 Jdot9:, Yot9s
; % ey+e, 3e,+ey; e
do G 9o+9, 3g:+95 391+9;

a constant value. The behaviour for even and odd
values of N is different, but the error decreases as the
number of moments increases. It is emphasized that
for N =9 the error is less than 10% and further that
for N = 3, i.e. with the heat flux included, the error is
less than 30% and rapidly decreases for large 7. If the
mean flow velocity u(x) is increased, the error in-
creases accordingly for large 7, especially if y-u is
larger than unity. The case for u = 1.0 is plotted in
Fig. 1c. Here the error increases with y for N = 0 and
N =1. The Hermite polynomial He,(¢)=¢&? —1
scales for large y and u = 1.0 as He, (&) = — 2i-u/y -0
and, hence, the error diverges in this case. For N > 2
the error remains bounded. In the collision-domi-
nated regime the error decreases when the number of
Hermite polynomials is sufficiently large. In the colli-
sionless regime the relative error is finite but not small.
It is emphasized that the case where the mean flow
velocity equals the thermal speed is mostly not of
physical relevance. Nevertheless, it is interesting that
this method still produces reasonable results.

The error for the velocity (x =1 in (41)) given by
(46a) and (46Db) is shown in Figure 2. For N =0 the
error is unity by definition and is large for N = 1 in the
collision-dominated regime. This is due to the fact that
e, = - ey and that these ¢ factors cancel. In Fig. 2a
the mean flow velocity is small, u = 0.01. It is seen that
for N > 2 the error is small and vanishes in both limits
7y —0 and 7 — o0. The case of u = 1.0, Fig. 2b, yields
for N =1 a large error for small as well as for large y
owing to the behaviour of He, (¢) as discussed above.
For truncation at N = 3 the error is quite small every-
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Fig. 1b. The absolute value of the relative error for the density i=n— 1
defined in (43) as a function of collision time for a mean velocity u = 0.01. In
normalized units y = 7 v, k denotes the ratio of the mean-free path and the
scale length k', The number of truncation N is indicated on the curves.
Fig. 1c. The absolute value of the relative error for the density i=n— |
defined in (43) as a function of collision time for a mean velocity u = 1.0. In
normalized units y = 7 v, k denotes the ratio of the mean-free path and the
scale length k~'. The number of truncation N is indicated on the curves.
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of the Chapman-Enskog expansion for the density 7 = n —1, velocity w, pres-
sure p = p — 1, and heat flux ¢ defined in (45), (47), (50) and (53). In normalized
unilts y = 10, k denotes the ratio of the mean-free path and the scale length
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where. Especially in the collision-dominated regime
the error decreases with sufficiently high N. It is re-
called that g, approaches unity for large 7.

The pressure p(u = 2 in (41)) is approximated well
only for N > 2. But let us, nevertheless, discuss the
relative error also for N =0, 1. In Fig. 3a the error is
displayed as a function of y for u =0.01. For N =0
and 1 the error is given according to (27b) and (49a)
by
.

Jdot 9

_ 92t 90— 9Jo _

E(2)y P
J0 g2

(54)

For N > 2 (49b) applies. In the collision-dominated
regime, i.e. y >0, g, as well as g, are proportional to
7 as follows from (18) and (19). From (26a, b) the
result for g, is known and, when inserted into (54), the
7 factors cancel and the error assumes as constant
value. The collisionless limit, y - o with || — — u for
fixed velocity, yields a different behaviour. Equation
(23) is used to express go,+ g, by u+<¢-g, with
lim g, =1, see (19b). It follows from (18), (19), and

(,26 a) that the error diverges as y for N = 0. For N = 1
the error is given by

1 £2

EQyrl— ——=———

—a (54b)
and vanishes except in the case ¢?x 1. Thus for
u =10, where ¢ —1 ~ — 2i-u/y, the error again di-
verges for large 7 as is seen from Figure 3b). For trun-
cation at N > 2 in the Hermite polynomial expansion
the error remains bounded as is seen from Figs. 3a
and b. It is emphasized that for N =3 the relative
error is less than 10% and rapidly vanishes in both
limits y — 0, oo for small mean flow velocity u.

The last quantity discussed is the heat flux (u = 3 in
(41). For N = 0 the error is by definition unity and is
given for N = 1 and 2 according to (27b) and (52 b) by

39,

EQ@y=1———.
Oy g3+ 39,

(55)

For N >3 the error is given by (52c¢). The error is
displayed in Fig. 4 for u=0.01 and u=1.0. In the
collision-dominated regime the error decreases with
7 — 0. This follows from the limiting forms of the
above formulae and is clearly seen in the figures for
u = 1.0, while for u = 0.01 the error is close to unity at
7=10"2 In the collisionless limit the denumerator
assumes the value 3g, ~ 3. The result in (26 b) shows
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that g, — 1 for N = 1, 2 and, thus, the error vanishes.
In the case of u = 1.0 the denumerator 1 — &2, (26b),
causes the different asymptotic behaviour. The error
for higher truncation remains bounded and is quite
small. For N =3 the error is less than 10% every-
where. These findings agree with the asymptotic limits
derived above.

In summary, it has been explicitly shown that the
moment method based on a Hermite series expansion
including density, velocity, pressure and heat flux, i.e.
for N = 3, yields sufficiently accurate results for all
values of the collision time if the flow velocity is suffi-
ciently small (y - u(x) < 1). In particular, the mean-free
path need not be smaller than the connection length.
The validity of the fluid model is guaranteed if the
distribution function is close to a Maxwellian. The
scheme yields reasonable results even in the case of
large flow where the flow velocity becomes compara-
ble to the thermal speed. For tokamak transport the
plasma flow is significantly smaller. Following the
Chapman-Enskog scheme, neglecting the term iy v f;
in (4) and (6) yields a wrong dependence of the
distribution function f; on y for large y. Whereas the
exact solution f; is bounded, this solution increases as
7. The relative error of the various moments with
respect to the exact solution is displayed in Figure 5.
Obviously, the accuracy of this approximation is only
good for y < 1. The dependence on the velocity u is
then, of course, not pronounced.

This means that the Chapman-Enskog scheme is
only accurate in the collision-dominated regime.

4. Conclusions

In this paper we have demonstrated with an exam-
ple that a Hermite series expansion of a kinetic equa-
tion gives a fair approximation to the original kinetic
equation. Such moment series were used to model
transport many years ago in two fundamental papers
[12], [13]. Both of these papers developed a system of
equations for total momentum and total energy trans-
fer as well as an Ohm’s law and equations for each
species for stress and heat flow. Braginskii [2] used a
Chapman-Enskog expansion to obtain a system of
fluid equations for each species. The justifications for
a Chapman-Enskog expansion and for a Hermite
series expansion are drastically different, the range of
validity of the second approach extending far beyond
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that of the first method, as is evident from our model
equation.

The basic conclusion of our study is the validity of
a certain macroscopic modelling of tokamaks in the
low-collisionality regime at least as far as particle
trapping and untrapping does not play a role. This
problem will be investigated in a following paper on
the basis of a simple Fokker-Planck type model equa-
tion.
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